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Conditions to achieve an unusually strong Rydberg spin-exchange interaction are investigated
and proposed as a means to generate pairwise entanglement and realize a SWAP-like quantum gate
for neutral atoms. Ground-state entanglement is created by mapping entangled Rydberg states to
ground states using optical techniques. A protocol involving SWAP gate and pairwise entanglement
operations is predicted to create global entanglement of a chain of N atoms in a time that is
independent of N .
PACS numbers: 03.67.Bg, 03.65.Ud, 32.80.Ee, 32.80.Xx
I. INTRODUCTION
Entanglement is a property of multiparticle quantum
states that is essential for implementing quantum infor-
mation or computation protocols [1, 2]. As a result,
schemes for the fast and efficient generation of entangle-
ment among many quantum systems are the subject of
intense theoretical and experimental efforts. Atoms offer
an ideal arena for the demonstration of quantum pro-
tocols given the stability of their ground states and the
powerful optical and trapping techniques that have been
developed to control their internal and external degrees of
freedom [3]. The excitation of Alkali atoms to energy lev-
els of large principal quantum number, generically named
Rydberg states, provides a way to enhance by several
orders of magnitude otherwise weak neutral atom inter-
actions. The resulting dipole-dipole or van der Waals
interaction between two highly excited Rydberg atoms
allows the creation of stable entangled states of atoms
in their ground electronic level [4–12]. The methods em-
ployed to date [4–9] rely on the Rydberg blockade effect,
in which two-atom energy levels with two Rydberg exci-
tations experience a large interaction induced shift, while
energy levels with a single Rydberg excitation are unper-
turbed. As a consequence, under conditions in which a
single Rydberg excitation is resonantly excited, the pair
excitation probability is strongly suppressed [13–20].
The excitation of two atoms into Rydberg S-orbitals
with different principal quantum numbers, nA and nB,
and opposite electron spin orientation, produces not only
the Rydberg blockade shift [21–28], but also a coupling
that exchanges the electron spin states. While the block-
ade shift is usually the dominant effect, the spin-exchange
coupling can be made almost equally strong with the
right choice of nA and nB. In this regime, when nearby
atoms are optically driven, the probability to create dou-
ble Rydberg excitations can be as large as one, in sharp
contrast to the case when nA = nB. Furthermore, the
two-atomRydberg state created by this mechanism is one
of two entangled Bell states, the triplet denoted |r+〉, in
the subspace of the two-atom Rydberg excitations. The
(a)
FIG. 1: (Color online) Schematic illustration for generating
entanglement between two 87Rb atoms. (a) Geometry consid-
ered with atoms (black dots) in tightly focused optical traps
(shaded regions) along the quantization axis z. (b) Laser ex-
citation of atom α = A,B by two-photon transitions. The
two-photon transition via the 5P (6P) state of atom α has an
effective Rabi frequency Ωα( Ω
α). (c) Relevant levels in the
excitation of Rydberg Bell state |r+〉.
orthogonal Rydberg Bell state, the singlet |r−〉, expe-
riences a strong level shift and is effectively decoupled
from the excitation. The entangled Rydberg state cre-
ated in this way is metastable, but the entanglement can
be mapped optically to the ground state in a time short
compared to the metastable state lifetime. In the follow-
ing, we explain how to produce ground state entangle-
ment of a pair of atoms by a sequence of three pulses,
and then discuss a protocol for global entanglement of
a chain of atoms involving a sequence of twelve pulses
which minimizes the blockade shifts due to multiple Ry-
dberg excitations along the chain.
The main body of the paper gives an account of
the novel interaction mechanism and its applications to
quantum computation. Section II introduces the spin-
exchange interaction and its potential for two-atom en-
tanglement. Section III discusses an example to achieve
pairwise entanglement via optical pumping. In Sec. IV,
2we investigate the pairwise entanglement efficiency by nu-
merical simulation. In Sec. V, we study a quantum gate
that is similar to the SWAP gate, and introduce a proto-
col of global entanglement of atoms in a chain. Section
VI gives a summary. Additional details of the theory are
given in the appendices.
II. TWO-ATOM ENTANGLEMENT
Consider two 87Rb atoms, denoted A and B, respec-
tively, which are loaded into two far-off-resonant traps
created by tightly focused laser beams. The interatomic
axis is defined by the vector z. Each of the atoms
can be independently driven by laser light, as shown in
Fig. 1. We suppose atom A is prepared in a hyperfine
level of the ground state manifold identified as “spin-
up” while atom B is prepared in the state “spin-down”:
|↑〉A(|↓〉B) ≡ |52S 1
2
, F = 2,mF = 2(−1)〉. These states
may be optically coupled via two-photon transitions to
the Rydberg states |⇓〉A(|⇑〉B) ≡ |nA(B) 2S 1
2
,mJ = ∓1/2〉
of atoms A and B, respectively. Here we use the hyper-
fine notation to label ground states and the fine struc-
ture notation for Rydberg levels, according to the spec-
troscopic resolution usually achieved in experiments (see
Appendix A).
Consider two Rydberg atoms prepared in the states
|⇑〉A and |⇓〉B, respectively, and separated by a distance
L large enough that the states are coupled by the C6/L
6
van der Waals interaction [7, 29]. In the case nA = nB,
this coupling is dominant and induces a shift of the dou-
bly excited Rydberg state commonly referred to as the
blockade shift. When nA 6= nB, and under special con-
ditions, the coupling Cex6 /L
6, which exchanges the elec-
tronic spin states, may become equally large. In the two-
atom product basis |⇑⇓〉, |⇓⇑〉, the total van der Waals
interaction is then,
Hv =
1
L6
(
C6 C
ex
6
Cex6 C6
)
. (1)
By using the measured results for the relevant quantum
defects [30] and a semiclassical expression for the radial
matrix elements [31], we numerically evaluate C6 and C
ex
6
for 0 ≤ nB − nA ≤ 10 and 50 < nB < 129. We find four
pairs of states where the interaction coefficients differ by
less than 2%; see Table I.
The occurrence of a strong spin-exchange interaction
in these cases arises through an interference effect involv-
ing a small number of dominant intermediate p1/2 and
p3/2 states (see Appendix B). We find that the transition
matrix elements for spin exchange constructively inter-
fere whereas a partially destructive interference limits the
blockade shift. This results in almost equal magnitude of
C6 and C
ex
6 .
The eigenstates and eigenvalues of Eq. (1) are |r±〉 ≡
(| ⇑⇓〉±| ⇓⇑〉)/√2, and V± ≡ (C6±Cex6 )/L6. If the inter-
action coefficients have equal magnitudes, one of the two
nA nB C6/(2π) C
ex
6 /(2π)
59 61 -196 194
73 75 4080 -4025
97 100 -59780 58800
121 124 1104000 -1124000
TABLE I: Strength of blockade and spin-exchange interac-
tions between two atoms of principle quantum numbers nA
and nB. C6, C
ex
6 are in unit of GHz µm
6.
FIG. 2: (Color online) Schematic of the entanglement pro-
tocol via pulses 1, 2 and 3. During pulse 1 (2), only the
two-photon transition via 5P (6P) state of atom A (B) is ex-
cited with Rabi frequency ΩA (Ω
B). During pulse 3, the four
two-photon transitions via 5P and 6P states of atoms A and
B are turned on and the magnitudes of these two-photon Rabi
frequencies are set equal to Ω. On the left column we show
the bare two-atom basis, while on the right we highlight the
superposition states involved.
energy eigenvalues is unshifted from the non-interacting
value. For the four cases shown in Table I, C6 and
Cex6 have opposite signs, and by choosing an appropri-
ate atomic separation L, V− (V+) can be made much
larger (smaller) than the excitation Rabi frequency. As
a result, atoms A and B will be excited to the entan-
gled two-atom Rydberg state |r+〉. The lifetime of the
entanglement created can be enhanced by coupling it
to the two-atom ground state, by driving Rabi oscilla-
tions |↓〉 ↔ |⇑〉 and |↑〉 ↔ |⇓〉 simultaneously on both
atoms [Fig. 1(b)], so that the Rydberg triplet state |r+〉
is mapped to the ground level Bell state
|g+〉 ≡ (| ↑↓〉+ | ↓↑〉)/
√
2. (2)
3III. PAIRWISE ENTANGLEMENT PROTOCOL
We now describe the complete protocol creating
ground state entanglement via a three-π-pulse sequence.
Pulse 1 on atom A: We take the initial state to be |↓↑〉.
The first pulse acts on atom A and excites |↓〉 to |⇑〉 via
the 5P state, as shown in Fig. 2. Since atom B is in its
ground state, there is no Rydberg interaction. Thus, by
applying a pulse of duration τ1 = π/ΩA, we generate the
product state |⇑↑〉.
Pulse 2 on atom B: Following pulse 1, apply a two-
photon laser pulse to atom B with Rabi frequency ΩB,
as shown in Fig. 2. This pulse excites |↑〉 to |⇓〉 via the
6P state as in Fig. 1(b). The evolution of the two-atom
wave function |Ψ〉 is governed by the Hamiltonian
HPulse2 =
1
2
√
2

 0 Ω
B ΩB
ΩB 2
√
2V+ 0
ΩB 0 2
√
2V−

 , (3)
where the basis vectors are |⇑↑〉,|r+〉 and |r−〉. In the
case of |V−|≫ ΩB, we can adiabatically eliminate the
state |r−〉. The population on the Rydberg Bell state
|r+〉 reaches its maximum
|〈r+|Ψ〉| ≈ 1− (V+/ΩB)2, (4)
for a pulse of duration τ2 = (
√
2π/ΩB)
[
1− (V+/ΩB)2
]
.
The prefactor
√
2π/ΩB, indicates that this is a two-atom
π-pulse, while the correction V 2+/(Ω
B)2 results from the
small shift of |r+〉.
Pulse 3 on both atoms: The final step is the mapping
of the entangled state of Rydberg atoms onto the ground
states. In contrast to Pulses 1 and 2, switch on all four
Rabi channels simultaneously exciting the two atoms, as
shown in Fig. 1(b).
When the Rabi frequencies satisfy Ω ≡ ΩA = ΩA =
ΩB = Ω
B, only the intermediate states |U+〉 and |D+〉 are
coupled to |r+〉 and |g+〉, where |U±〉 ≡ [| ⇑↑〉±| ↑⇑〉]/
√
2
and |D±〉 ≡ [| ⇓↓〉 ± | ↓⇓〉]/
√
2, see Fig. 2. Ordering the
states |r+〉, |U+〉, |D+〉 and |g+〉 the Hamiltonian matrix
during Pulse 3 reads,
HPulse3 =
1
2


2V+ Ω Ω 0
Ω 0 0 Ω
Ω 0 0 Ω
0 Ω Ω 0

 . (5)
At the end of Pulse 3, of duration π/Ω, the entangled
Rydberg state |r+〉 would be completely mapped onto
the entangled ground state |g+〉 with fidelity limited by
the residual shift V+, and the radiative decay rate of the
Rydberg level.
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FIG. 3: (Color online) Evolution of the two-atom state during
pulses 2 and 3 of the entanglement protocol, starting from
|⇑↑〉. We plot the populations of the relevant states from the
basis in Eq. (7): the red (gray) solid line is |G+|
2, the blue
(dark gray) dashed line is |R+|
2, the green (light gray) dotted
line is
∑
η[|Uη |
2 + |Dη|
2].
IV. NUMERICAL SIMULATION AND
FIDELITY
The proposed scheme relies on creation of the Rydberg
entangled state, |r+〉, which requires
|V−| ≫ Ω≫ |V+|. (6)
In order to show that the ground Bell state |g+〉 can
be prepared with high fidelity for finite |V−/V+|, we nu-
merically study the time evolution of the atomic state
following the procedure discussed above. We choose
the Rydberg state pair with principal quantum numbers
nA = 73, nB = 75, atomic separation L = 15µm, and set
the single-atom Rabi frequency Ω = ΩB =
√
|V−V+| =
2π × 59 kHz. We expand the two-atom wavefunction as
|Ψ〉 =
∑
η=±
[Gη|gη〉+Rη|rη〉+ Uη|Uη〉+Dη|Dη〉] ,(7)
and we numerically solve the Schro¨dinger equation for
Pulses 2 and 3 (see Appendices C and D), since pulse
1 is trivial. The achieved ground state fidelity is F =
|〈g+|Ψ〉|2 = 98.5%. To improve the fidelity of the pre-
pared ground Bell state, we numerically optimize F by
varying Rabi frequencies and pulse durations. Figure 3
shows the state evolution with ΩB/(2π) = 119 kHz and
Ω/(2π) = 128 kHz: a fidelity of F1 = 99.06% for the
ground Bell state |g+〉 is achieved in less than ten mi-
croseconds.
The main practical difficulty is to have all four Rabi
frequencies for the excitation channels equal to each
other. In order to show that the the protocol is ro-
bust against dispersion in the Rabi frequencies, we nu-
merically integrate the Schro¨dinger equation varying
ΩA,Ω
A,ΩB and Ω
B in the interval [1−ǫ, 1+ǫ]Ω for Pulse
3, with Ω =
√
V+V−, τ2 = (
√
2π/Ω)
[
1− (V+/Ω)2
]
, and
τ3 = π/Ω. By performing 10
5 such simulations, we find
that almost all fidelities are larger than 95% (85%) for
ǫ = 0.1 (0.2) (see Appendix D).
4FIG. 4: (Color online) Schematic of the SWAP-like gate pro-
tocol. During the 2π pulse, |r
−
〉, | ⇓⇓〉 and | ⇑⇑〉 are hardly
excited due to Rydberg blockade, while |r+〉 will be excited,
forming a Λ system with |↓⇓〉 and |↑⇑〉.
V. SWAP GATE AND ENTANGLEMENT OF
ATOMIC CHAINS
The spin-exchange Rydberg interaction may be used
together with Rydberg blockade to implement a quantum
logic gate based on a simple combination of three single-
atom laser interaction processes: two π-pulses applied to
atom B, are separated by an intermediate 2π-pulse ap-
plied to atom A. If both atoms are initially prepared in
the same ground state, we obtain the state transforma-
tions,
| ↑↑〉 pi−−−−−→
atom B
| ↑⇓〉 2pi−−−−−→
atom A
| ↑⇓〉 pi−−−−−→
atom B
| ↑↑〉,
| ↓↓〉 pi−−−−−→
atom B
| ↓⇑〉 2pi−−−−−→
atom A
| ↓⇑〉 pi−−−−−→
atom B
| ↓↓〉.
During stages 1 and 3, a single Rydberg excitation is cre-
ated and removed, while in stage 2, Rydberg blockade of
the states | ⇓⇓〉 and | ⇑⇑〉, respectively, prevents any dou-
ble excitation. Alternatively, when the atoms are initially
prepared in opposite spin ground states, there is a crucial
difference. As a consequence of the strong spin-exchange
interaction, the 2π pulse resonantly couples to the triplet
state |r+〉 and flips the spin of both the Rydberg excita-
tion and the atomic ground state; see Fig. 4. In this case
the combination of van der Waals interaction and single
atom 2π pulse creates a resonant “lambda” transition
between two-atom states:
| ↓↑〉 pi−−−−−→
atom B
| ↓⇓〉 2pi(Λ)−−−−−→
atom A
−| ↑⇑〉 pi−−−−−→
atom B
−| ↑↓〉,
| ↑↓〉 pi−−−−−→
atom B
| ↑⇑〉 2pi(Λ)−−−−−→
atom A
−| ↓⇓〉 pi−−−−−→
atom B
−| ↓↑〉.
The three stage protocol completes the quantum SWAP
gate transformation, with a π phase shift of the swapped
states. By choosing L = 15µm and Rabi frequency
89kHz for the 2π pulse on atom A, we can demonstrate
a gate fidelity FSWAP = 98.31% for an operation time
τSWAP = 11µs.
The combination of quantum SWAP gate with pairwise
atom entanglement operations can be used as the basis
of a protocol to entangle a chain of an arbitrary number
of atoms. The key observation is that the atoms should
be entangled sequentially in pairs, allowing gaps between
the pairs in order to minimize spurious level shifts due to
Rydberg blockade. After the pair-entanglement, a series
of SWAP gate operations link all the pairs in a fully en-
tangled state. Such a procedure may be easily sketched
for the case of 4N atoms, where the atoms are labeled se-
quentially: A1, B1, C1, D1, · · · , A4N , B4N , C4N , D4N .
We first use the two-atom entanglement protocol de-
scribed above to entangle atoms Aj and Bj , where j =
1, · · · , N . This is followed by a similar protocol that en-
tangles atoms Cj and Dj . Because all atoms are now
entangled with one of their two neighboring atoms, the
two-qubit SWAP gate is used to entangle atoms Bj and
Cj , followed by another SWAP operation for entangle-
ment of Dj and Aj+1. In this way we may entangle all
4N atoms by a twelve-pulse protocol as shown in Fig. 5.
In the case of 4 atoms, this protocol generates the entan-
gled state (| ↑↓↓↑〉+ | ↓↑↑↓〉 − | ↑↑↓↓〉 − | ↓↓↑↑〉) /2, after
the application of 9 pulses (see Appendix E).
During the pairwise entanglement and SWAP gate
operations, the metastable Rydberg states are popu-
lated for a time τ , thus the fidelity of the entangle-
ment of the 4N -atom chain may be estimated as F ∼
(F1e−2γτ )2N (FSWAPe−2γτ )2N−1, where γ−1 is the life-
time of the Rydberg level. When keeping the leading
order term after expanding the exponential of F under
the condition of γτ ≪ 1, the total error of the prepared
many-atom entangled state scales linearly with N . Nu-
merical simulations show that pairwise entanglement and
SWAP gate operations can each be carried out in around
10µs. Thus a 4-atom chain may be entangled in a time
T = 30µs with L = 15µm. For (a) (nA, nB) = (73, 75),
γ−1 = 0.45 ms for n = 73 and F ∼ 90%, while for
(b) (nA, nB) = (97, 100), γ
−1 = 1 ms for n = 97 and
F ∼ 94% [7]. Decreasing L to 11.9µm makes V±
four times larger, and reduces T to 7.5µs. Then For
(nA, nB) = (73, 75), a 4-atom chain can be entangled
with F ∼ 95%, while an 8-atom chain can be entan-
gled with F ∼ 90%. These fidelities are comparable to
the values for 4 and 8 atom entanglement by asymmet-
ric blockade in Ref. [5] and dissipation in Ref. [11]. The
dissipative protocol in [11] does not suffer from the spon-
taneous emission issue, but in comparison the present co-
herent process is almost three orders of magnitude faster.
Furthermore, the linear scaling of the error with the total
number of entangled atoms is similar to the the blockade-
based situation of Ref. [5]: in that case the error scales
cubically at low N and then saturates to a linear behav-
ior. By contrast to the multi-atom entanglement based
on Ryberg interactions and adiabatic passage proposed
in Ref. [4], the duration and the Rabi frequency of our
scheme are independent of N . The requirements on the
Rabi frequencies and principal quantum numbers are well
within experimental reach and the individual atomic ad-
dressing allows to tailor the distance between the atoms
as well as the desired target state. All these considera-
tions show that the proposed spin-exchange mechanism
represents a valid candidate to realize fast quantum op-
5Step 1: pulse 1,2,3
2-atom entanglement
FIG. 5: (Color online) Schematic illustration of a protocol to
generating entanglement between 12 87Rb atoms loaded in a
one-dimensional lattice. The pairwise entanglement protocol
creates entanglement between atoms Aj and Bj (Cj and Dj)
during step 1 (2), while the SWAP-like gate protocol entangles
atoms Bj and Cj (Dj and Aj+1) during step 3 (4).
erations with Rydberg atoms.
VI. CONCLUSION
Throughout this work we have considered the case of
individually trapped atoms addressed by external lasers.
An interesting alternative realization of these protocols
relies on the creation of a small super-atom in an elon-
gated ensemble. This option has the advantage of solving
the probabilistic loading of the individual traps as well
as to provide a boost to the single-atom procedure by a
factor
√
N where N is the number of individual atoms
in the super-atom. Quantum gates between super-atoms
have been recently proposed [28] and the multiplexing
of different qubits in an elongated ensemble has already
been realized experimentally [32].
In conclusion, we have proposed a fast and robust
mechanism to entangle neutral atoms. It is based on
a variation of the van der Waals interaction between
atoms excited to Rydberg states: for different principal
quantum numbers, the spin-exchange interaction may be
comparable to the Rydberg blockade shift thus induce a
resonance between ground state levels and an entangled
Rydberg state. This metastable state may then be
mapped to a stable, entangled ground state. Further-
more, the entanglement efficiency may be improved by
using small ensembles as well as by manipulating the
structure of the Rydberg manifolds via external fields.
Based on the spin-exchange interaction, pairwise entan-
glement along with a SWAP-like gate form the basis of
a protocol for the generation of ground-state entangle-
ment of many atoms in a chain configuration. These
protocols may be implemented in present experiments
leading to quantum manipulation of many-body systems.
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Appendix A: Single-atom optical excitation
This section shows how to realize the transitions in
Fig 1(b) of the main text. We consider an atom opti-
cally excited via two linearly polarized light fields, one
x-polarized, the other y-polarized, traveling along y and
x direction, respectively. To have such a pair of light
fields, a beam splitter is placed along the z axis as shown
in Fig. 6. For each incoming light field, the following
optical devices are used, (O1), beam splitter, (O2) and
(O3), mirror, and (O4), a quarter-wave plate, or a wave
plate whose thickness makes it effectively a combination
of a half wave-plate and a quarter-wave plate, depending
on the specific low-lying intermediate P state. By tuning
the positions of the two mirrors so that they are symmet-
ric to each other about the plane of the beam splitter, we
have
l ≡ l12 + l25 = l13 + l35, (A1)
where lαβ is the distance between Oα and Oβ , where
α (β) = 1, · · · , 5. Here O5 denotes the position of the
atom. Assuming that the light field impinging on the
beam splitter is xE cos(ωt), one can show that the electric
field on the atom is:
E = − E
2
√
2
[(
x+ yeiθ
)
eiωt−ilk + h.c.
]
. (A2)
In order to excite the the Rydberg states |⇑〉 and |⇓〉 de-
fined in the main text for either atom A or atom B, one
shall use waveplates so that θ = π/2 and 3π/2, respec-
tively. As a result, the transition from the ground level
|↑ (↓)〉 ≡ |52S 1
2
, F = 2,mF = 2(−1)〉 to the Rydberg
level |⇓ (⇑)〉 ≡ |n 2S 1
2
,mJ = ∓1/2,mI = 1/2〉 via an
intermediate level |62S 1
2
, F = 1,mF = 1〉 (|52S 1
2
, F =
1,mF = 0〉) can be realized by a two-photon Rabi pro-
cess via a pair of effective left (right)-hand polarized light
fields.
The non-interacting Hamiltonian for atom A (the
Hamiltonian for atom B is similar) in the dipole approx-
imation and rotating-wave approximation for the atom-
6field coupling is
HA =
∑
mF
Eg|5S1/2, F = 2,mF 〉〈5S1/2, F = 2,mF |
+
∑
mf
E5e|5P1/2, F ′ = 1,mf〉〈5P1/2, F ′ = 1,mf |
+
∑
mf
E6e|6P1/2, F ′ = 1,mf〉〈6P1/2, F ′ = 1,mf |
+
[ ∑
mJ ,mI
Er|mJ ,mI〉〈mJ ,mI |
+
∑
mF
∑
mf
Ω
(ge)
5mf ,mF
(q)e−iω
(ge)
5 t
|5P1/2, F ′ = 1,mf〉〈5S1/2, F = 2,mF |
+
∑
mf
∑
mJ ,mI
Ω
(er)
5mf ,mJmI
(q)eiω
(er)
5 t
|5P1/2, F ′ = 1,mf〉〈mJ ,mI |
+
∑
mF
∑
mf
Ω
(ge)
6mf ,mF
(q)e−iω
(ge)
6 t
|6P1/2, F ′ = 1,mf〉〈5S1/2, F = 2,mF |
+
∑
mf
∑
mJ ,mI
Ω
(er)
6mf ,mJmI
(q)eiω
(er)
6 t
|6P1/2, F ′ = 1,mf〉〈mJ ,mI |+ h.c.
]
, (A3)
where q = 1(−1) indicates right (left)-hand polarization,
Ej with j = [g, 5e, 6e, r] is the energy of a specific atomic
manifold, ω
(ge)
5(6) and ω
(er)
5(6) are the central frequencies of
the lasers for the lower and upper transitions, and they
satisfy
ω
(ge)
5 + ω
(er)
5 = ω
(ge)
6 + ω
(er)
6 . (A4)
The Rabi frequencies read,
Ω(ge)nmf ,mF (q) =
1
2
D(ge)n EgeCF 1 F
′
mF q mf
,
Ω(er)nmf ,mJmI (q) =
1
2
D(er)n Eer
∑
α
C
1
2 1
1
2
mJ q α
C
1
2 I F
′
α mI mf ,
where n = 5 or 6, Ege(er) is the electric field of
the laser for the lower (upper) transition in Eq. (A2),
D
(ge)
n = e(nP1/2, F = 1||r||5S1/2, F = 2) and D(er)n =
e(nP1/2||r||nAS1/2) are the reduced matrix elements of
the electric dipole operator obtained via the Wigner-
Eckart theorem [33, 34], with e the elementary charge,
FIG. 6: (Color online) Schematic illustration for generating
an effective right-hand or left-hand polarized light field from
two linearly polarized light fields related by a π/2 or 3π/2
phase difference.
and C a Clebsch-Gordan coefficient [33].
Ω
(ge)
n (1)
D
(ge)
n Ege
= −

 0.775 0 0 0 00 0.548 0 0 0
0 0 0.316 0 0

 ,
Ω
(ge)
n (−1)
D
(ge)
n Ege
=

 0 0 0.316 0 00 0 0 0.548 0
0 0 0 0 0.775

 ,
Ω
(er)
n (1)
D
(er)
n Eer
= −

 0 0 0 0 0 0.408 0 00 0 0 0 0 0 0.577 0
0 0 0 0 0 0 0 0.707

 ,
Ω
(er)
n (−1)
D
(er)
n Eer
=

 0.707 0 0 0 0 0 0 00 0.577 0 0 0 0 0 0
0 0 0.408 0 0 0 0 0

 .
Here, the column and row indices for Ω(ge) are for
quantum numbers mF = [−2,−1, 0, 1, 2] (from left to
right) and mf = [−1, 0, 1] (from top to bottom), and
the column and row indices for Ω(er) are for quantum
numbers (mJmI) = [(
−1
2
−3
2 ), (
−1
2
−1
2 ), (
−1
2
1
2 ), (
−1
2
3
2 ),
(12
−3
2 ), (
1
2
−1
2 ), (
1
2
1
2 ), (
1
2
3
2 )](from left to right) and mf =
[−1, 0, 1](from top to bottom).
Below, we derive the effective two-photon Rabi fre-
quency when the two-photon detuning is zero [35–37].
Using the method of Ref. [35], we can derive a Hamilto-
nian for far off resonant optical driving. The method
of Ref. [35] is essentially an adiabatic approximation.
The Hamiltonian in a rotating frame and rotating-
wave approximation for a three level system with basis
|r〉, |e〉, |g〉 is (the subscripts d and u denote down and
up, respectively)
H3level =

 0 e
ikuluΩu/2 0
e−ikuluΩu/2 −∆ eikdldΩd/2
0 e−ikdldΩd/2 0

 ,
where lu(d) is the length defined in Eq. (A1) for the tran-
7sition from |g〉 to |e〉 (from |e〉 to |r〉). Here we assume
that Ωu(d) is real, and the two-photon transition is reso-
nant. We write the wave function as αr|r〉+αe|e〉+αg|g〉,
and starting from state (αr(0), αg(0)) = (0, 1), one can
find |αr(t)| ≤ |ΩdΩu|Ω2d+Ω2u ≤ 1 and
|αg(t)|2 = 1 + 2Ω
2
dΩ
2
u
(Ω2d +Ω
2
u)
2
[
cos
t
(
Ω2d +Ω
2
u
)
4∆
− 1
]
,
which indicates that Max|αg(t)|2 and Min|αg(t)|2 achieve
maximum difference only when |Ωd| = |Ωu|. This
can guide setting up the condition in experiments. In
fact, when the difference of Max|αg(t)|2 and Min|αg(t)|2
reaches its maximum while adjusting one of |Ωd|, |Ωu|,
the condition |Ωd| = |Ωu| is met. When Ωd = Ωu, the
Hamiltonian in a rotating frame is
H =
ΩdΩu
4∆
(
0 ei(kdld+kulu)
e−i(kdld+kulu) 0
)
.
When the lower and upper Rabi transitions have the
same Rabi frequency, the effective Rabi frequency be-
tween |r〉 and |g〉 is ΩdΩu2∆ ei(kdld+kulu). By assuming
ΩdΩu
2∆ > 0, we can write the effective Rabi frequency as
|ΩdΩu2∆ |ei(kdld+kulu).
For the system studied in the main text, we shall
identify kdld + kulu as −φA for the two-photon transi-
tion via 5P state of atom A, while as −φA for the two-
photon transition via 6P state of atom A. But since
both of these two-photon transitions are resonant, and
the ground states or the Rydberg states are degener-
ate, we immediately find φα = φ
α if one sets a common
l ≡ ld = lu for exciting both of the two Rydberg state
|⇑〉α and |⇓〉α, with α = A or B.
Appendix B: van der Waals interaction
Since we consider the uncommon situation of the inter-
action between two Rydberg levels of different principal
quantum numbers, we will briefly outline a perturbation
calculation here. Consider two 87Rb Rydberg atoms, one
prepared in state |r1±〉 = |n1 2S 1
2
,mJ = ±1/2〉, and
the other in state |r2±〉 = |n2 2S 1
2
,mJ = ±1/2〉, where
n1 6= n2. We consider the following four channels for
the dipole-dipole interaction, each characterized by its
energy defect [29],
δ1(ns, nt) = E(nsp 3
2
) + E(ntp 3
2
)− E(n1s 1
2
)− E(n2s 1
2
),
δ2(ns, nt) = E(nsp 3
2
) + E(ntp 1
2
)− E(n1s 1
2
)− E(n2s 1
2
),
δ3(ns, nt) = E(nsp 1
2
) + E(ntp 3
2
)− E(n1s 1
2
)− E(n2s 1
2
),
δ4(ns, nt) = E(nsp 1
2
) + E(ntp 1
2
)− E(n1s 1
2
)− E(n2s 1
2
).
(B1)
Here (ns, nt) denote the principal quantum numbers
of the pair state produced by the scattering process.
These four couplings are known to be the dominant
ones in our case. In the van der Waals interaction
the atoms then go back to the initial levels and the
magnetic quantum number of either atom can change
up to 1 unit [29]. We can separate the angular de-
pendence of the interaction from the principal quan-
tum numbers. Its matrix representation in the ba-
sis of |r1+r2+〉, (|r1−r2+〉 + |r1+r2−〉)/
√
2, (|r1−r2+〉 −
|r1+r2−〉)/
√
2, |r1−r2−〉 is given by
D1 = diag(22, 34, 18, 22)/81,
D2 = D3 = diag(14, 2, 18, 14)/81,
D4 = diag(4, 16, 0, 4)/81, (B2)
where diag(a1, a2, a3, a4) means a diagonal matrix with
ai as diagonal matrix elements. In the basis of
|r1+r2+〉,|r1−r2+〉, |r1+r2−〉, and |r1−r2−〉, Eq. (B2) be-
comes,
D(δ1) =
1
81


22 0 0 0
0 26 8 0
0 8 26 0
0 0 0 22

 ,
D(δ2(3)) =
1
81


14 0 0 0
0 10 −8 0
0 −8 10 0
0 0 0 14

 ,
D(δ4) =
1
81


4 0 0 0
0 8 8 0
0 8 8 0
0 0 0 4

 .
The van der Waals interaction strength for each chan-
nel is
C
(k)
6 =
∆n∑
∆nA,∆nB=−∆n
C6(δk(nA +∆nA, nB +∆nB)).
We can identify two types of C6 coefficients:
C6(δk) = −e
4
δi(nA +∆nA, nB +∆nB)(∫
rPnA,lAPnA+∆nA,l′Adr
∫
rPnB,lBPnB+∆nB,l′Bdr
)2
,
C′6(δk) =
−e4
δi(nA +∆nA, nB +∆nB)∫
rPnA,lAPnA+∆nA,l′Adr
∫
rPnB,lBPnB+∆nB,l′Bdr∫
rPnB,lBPnA+∆nA,l′Adr
∫
rPnA,lAPnB+∆nB,l′Bdr, (B3)
with i = 1, 2, 3 or 4. Here Pn1(2),l1(2) is the radial part
of the atomic wave function, and the integration about
8Value of ∆n C
(2)
6 (C
(3)
6 )
1 71841.8
2 71922.5
3 71928.5
6 71929.9
10 71930
15 71930
20 71930
TABLE II: Convergence of the van der Walls interaction
strength depending on the channels considered (up to ∆n)
for a pair of atoms in the state |1002S 1
2
〉. Unit: GHzµm6.
Pn1(2),l1(2) can be approximated as in Ref. [31]. When
n1 = n2, we have C6 = C′6. Also, the two channels with
energy defect δ2 and δ3 are the same. We report in Ta-
ble II the values of C
(2)
6 or C
(3)
6 for different ∆n for two
atoms at n1 = n2 = 100, l1 = l2 = 0. The total van der
Waals interaction
∑
x C
(x)
6 Dx/(2π) is
Hˆ
(100,100)
vdW =


56200 0 0 0
0 56980 1573 0
0 1573 56980 0
0 0 0 56200

 µm
6GHz
L6
,
(B4)
where L is the distance between the two atoms. The van
der Waals interaction for two atoms in the n1 = 97, n2 =
100, l1 = l2 = 0 levels shall be calculated considering
that the two atoms may swap their principal quantum
numbers, i.e., we shall take into account the two cases
with C6 and C′6. The calculation gives us
Hˆ
(97,100)
vdW =
(
Vˆ1 Vˆ2
Vˆ2 Vˆ1
)
, (B5)
where
Vˆ1 = −


89180 0 0 0
0 59780 −58800 0
0 −58800 59780 0
0 0 0 89180

 µm
6GHz
L6
,
Vˆ2 =


−537 0 0 0
0 −375 324 0
0 324 −375 0
0 0 0 −537

 µm
6GHz
L6
, (B6)
and the basis vectors of Hˆ
(97,100)
vdW for the columns from
left to right, and for the rows from top to bottom are
|rA+rB+〉, |rA−rB+〉, |rA+rB−〉, |rA−rB−〉, |rB+rA+〉,
|rB−rA+〉, |rB+rA−〉, |rB−rA−〉. (B7)
From this matrix, we find that the transition rate to a
pair state with exchanged quantum numbers is only 0.6%
of that to a state pair with the same quantum numbers.
Thus, we can safely ignore these terms. In this approxi-
mation, the van der Waals interaction is, in the basis of
|r1+r2+〉, |r1−r2+〉, |r1+r2−〉, |r1−r2−〉
Hˆ
(97,100)
vdW ≈
(
Vˆ1 0
0 Vˆ1
)
. (B8)
In the two-atom product basis |rA−rB+〉, |rA+rB−〉, the
total van der Waals interaction is then,
Hˆv =
1
L6
(
C6 C
ex
6
Cex6 C6
)
, (B9)
where the four matrix elements are given in Vˆ1 of Eq. (B6)
for the case of nA = 97, nB = 100. This implies
that C6/(2π) = −59780 [GHz µm6] and Cex6 /(2π) =
58800 [GHz µm6] in the main text.
1. Critical radius for van der Waals interaction
Since we derive the van der Waals strength via a per-
turbative calculation based on the dipole-dipole poten-
tial, it is useful to study the transition from the dipole-
dipole interaction to the van der Waals interaction. We
consider the relevant case of n1 = 97, n2 = 100, l1 = l2 =
0 again. From Ref. [29], the dipole-dipole interaction can
be written as
V ddn1,n2 = RrrMj′1m′1j′2m′2;j1m1j2m2/L3, (B10)
where M is a matrix characterizing the angular depen-
dence of the interaction [29], and
Rrr = e
2
∫
rPn1,l1Pn1+∆n1,l′1dr
∫
rPn2,l2Pn2+∆n2,l′2dr.
The coefficient Rrr is closely related to the usual C3 ma-
trix element. In Table III, all the two-atom Rydberg p-
states with an energy defect δe smaller than 1 GHz with
respect to the state n1 = 97, n2 = 100, l1 = l2 = 0, and
Rrr larger than 1 GHzµm
3 are listed, from which one
finds that the condition ∆n1 = 0 (2),∆n2 = −1(−3)
gives the smallest energy defects. Since for ∆n1 =
2,∆n2 = −3, the radial matrix elements are small, we
consider the case ∆n1 = 0,∆n2 = −1, where we find
9M(δ1) =


0 0 0 0
0 0 0 0
−0.19 0 0 0
0 −0.33 0 0
0 0 0 0
−0.44 0 0 0
0 −0.44 −0.11 0
0 0 0 −0.19
−0.19 0 0 0
0 −0.11 −0.44 0
0 0 0 −0.44
0 0 0 0
0 0 −0.33 0
0 0 0 −0.19
0 0 0 0
0 0 0 0


, (B11)
M(δ2(3)) =


0 0 0 0
−0.27 0 0 0
−0.31 0 0 0
0 0.31 −0.16 0
0 0.16 −0.31 0
0 0 0 0.31
0 0 0 0.27
0 0 0 0


, (B12)
M(δ4) =


−0.22 0 0 0
0 0.22 0.22 0
0 0.22 0.22 0
0 0 0 −0.22

 , (B13)
where the column indices for the three matrices
are (m1,m2) = [(
−1
2 ,
−1
2 ), (
−1
2 ,
1
2 ), (
1
2 ,
−1
2 ), (
1
2 ,
1
2 )] from
left to right, and the row indices are (m′1,m
′
2) =
[(−j′1,−j′2), (−j′1,−j′2 + 1), · · · , (j′1, j′2 − 1), (j′1, j′2)] from
top to bottom. From the three matrices and Table III,
we find that the state (97p1/2, 99p3/2) is the dominant
scattering channel and we can thus determine the critical
distance Ldd-vdW where dipole-dipole interaction transi-
tions into the van der Waals regime,
Max(MRrr)/L
3
dd-vdW = |δe|, (B14)
where Max(· · · ) denotes the maximum matrix element
for the dipole-dipole interaction, and δe is the energy de-
fect of the state (97p1/2, 99p3/2). This gives Ldd-vdW ≈
9.6µm. In order to implement efficiently the entangle-
ment protocol in the main text, we may set L > 20µm.
In particular, for L = 26µm, the matrix Vˆ1 in Eq. (B6)
becomes
Vˆ
(97,100)
1 = −


289 0 0 0
0 194 −190 0
0 −190 194 0
0 0 0 289

 kHz.
atom 1 atom 2 δe (MHz) Rrr (GHzµm
3)
96p1/2 100p1/2 -779 98.3
96p1/2 100p3/2 -685 96.8
96p3/2 100p1/2 -672 100.1
96p3/2 100p3/2 -578 98.5
97p1/2 99p1/2 -62 98.4
97p1/2 99p3/2 35 100.2
97p3/2 99p1/2 42 96.8
97p3/2 99p3/2 139 98.6
98p1/2 98p1/2 177 1.7
98p1/2 98p3/2 277 1.6
98p3/2 98p1/2 277 1.7
98p3/2 98p3/2 378 1.7
TABLE III: Table of relevant scattering channels via dipole-
dipole interaction for a pair state with n1 = 97, n2 = 100, l1 =
l2 = 0.
The same analysis for the pair state n1 = 73, n2 =
75, l1 = l2 = 0, with relevant energy defects and Rrr
listed in Table IV, gives a critical distance 6.1µm. We
may set L = 15µm, then the interaction matrix is
Vˆ
(73,75)
1 =


535 0 0 0
0 358 −353 0
0 −353 358 0
0 0 0 535

 kHz.
The occurrence of a strong spin-exchange interaction
in these cases arises through an interference effect involv-
ing a small number of dominant intermediate p1/2 and
p3/2 states. From Table III and IV, one finds that the
strong spin-exchange interaction comes from the domi-
nating scattering channels with energy defects δ2(ns, nt)
and δ3(ns, nt) in Eq. (B1). If we only consider the two
dominating channels 73p1/2, 74p3/2 and 73p3/2, 74p1/2 for
two atoms with principal quantum number 73 and 75,
then V+ : V− = 1 : 9 from Eq. (B2). The channel
that contributes next strongly comparing to these two
channels is 73p3/2, 74p3/2, whose energy defect has a sign
difference to those of 73p1/2, 74p3/2 and 73p3/2, 74p1/2.
So, from Eq. (B2), if we consider only this channel
with its contribution to the blockade V ′+ and V
′
−, then
V ′+ : V
′
− = −17 : −9, which will reduce V+ furthermore,
giving a negligible V+ comparing to V−. For two atoms
with principal quantum numbers 97 and 100, there are
two dominating scattering channels 97p1/2, 99p3/2 and
97p3/2, 99p1/2. With only these two channels, we shall
have V+ : V− = −1 : −9. The channel that contributes
next strongly comparing to them is 97p1/2, 99p1/2. If we
consider only this channel, then V ′+ > 0 = V
′
−, which will
reduce V+ furthermore, giving |V+/V−| < 1/9.
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atom 1 atom 2 δe (MHz) Rrr (GHzµm
3)
73p1/2 74p3/2 -51 30.5
73p3/2 74p1/2 -41 29.5
73p3/2 74p3/2 198 30.1
74p1/2 73p1/2 -291 0.5
74p1/2 73p3/2 -41 0.5
74p3/2 73p1/2 -51 0.5
74p3/2 73p3/2 198 0.5
TABLE IV: Table of relevant scattering channels via dipole-
dipole interaction for a pair state with n1 = 73, n2 = 75, l1 =
l2 = 0.
Appendix C: State evolution during Pulse 2
Pulse 2 consists of a two-photon excitation of atom B
with effective Rabi frequency ΩB. This pulse excites | ↑〉
to | ⇓〉 via the 6P state as in Fig. 1(b). By writing the
state vector as αrg| ⇑↑〉 + αr+ |r+〉 + αr− |r−〉, the time
evolution is given by
i
d
dt

 αrgαr+
αr−

 =

 0 Ω1 Ω1Ω1 V+ 0
Ω1 0 V−



 αrgαr+
αr−

 , (C1)
where Ω1 = Ω
B/(2
√
2). In the equation above, we have
|V−| ≫ |V+|,Ω1. Then at the time
τ2 =
π√
V 2+ + 4Ω
2
1 − 4Ω
3
1
V−
≈ π
2Ω1
[
1− V
2
+
8Ω21
]
, (C2)
the population on the Rydberg Bell state is maximal
|αr+ | =
2Ω1√
V 2+ + 4Ω
2
1 − 4Ω
3
1
V−
≈ 1− V
2
+
[ΩB]2
. (C3)
Appendix D: State evolution during Pulse 3
As analyzed in the main text, there are 8 states rele-
vant to the dynamics of pulse 3. We write the wavefunc-
tion for the system as
|ψ〉 = αgg|m(A)F = −1;m(B)F = 2〉
+αgg|m(A)F = 2;m(B)F = −1〉
+αgr|m(A)F = −1;R(B)− 〉+ αgr|m(A)F = 2;R(B)+ 〉
+αrg|R(A)− ;m(B)F = −1〉+ αrg|R(A)+ ;m(B)F = 2〉
+αrr|R(A)+ ;R(B)− 〉+ αrr|R(A)− ;R(B)+ 〉, (D1)
where |R(α)± 〉 = |m(α)J m(α)I = ±12 12 〉, then the dynamics is
determined by the Schro¨dinger equation,
i
d
dt


αgg
αgg
αgr
αgr
αrg
αrg
αrr
αrr


=
1
2


0 0 ΩBeiφ
B
0 0 ΩAe
iφA 0 0
0 0 0 ΩBe
iφB ΩAeiφ
A
0 0 0
ΩBe−iφ
B
0 0 0 0 0 0 ΩAe
iφA
0 ΩBe
−iφB 0 0 0 0 ΩAeiφ
A
0
0 ΩAe−iφ
A
0 0 0 0 ΩBe
iφB 0
ΩAe
−iφA 0 0 0 0 0 0 ΩBeiφ
B
0 0 0 ΩAe−iφ
A
ΩBe
−iφB 0 2Vs 2Vc
0 0 ΩAe
−iφA 0 0 ΩBe−iφ
B
2Vc 2Vs




αgg
αgg
αgr
αgr
αrg
αrg
αrr
αrr


,
(D2)
where Vs = C6/L
6 and Vc = C
ex
6 /L
6. The Hamiltonian
HˆPulse3 gives the following coupling
〈⇑ B|HˆPulse3| ↓ B〉 = ΩAe−iφA ,
〈⇓ B|HˆPulse3| ↑ B〉 = ΩAe−iφ
A
,
〈A ⇑ |HˆPulse3|A ↓〉 = ΩBe−iφB ,
〈A ⇓ |HˆPulse3|A ↑〉 = ΩBe−iφ
B
, (D3)
where the phase factors have been defined previously and
A and B represent an arbitrary state of atom A and B.
With all the optical excitation channels active, the Ry-
dberg state can be mapped down to the intermediate
states |⇑↑〉, |⇓↓〉, |↑⇑〉, and |↓⇓〉, where for convenience
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FIG. 7: (Color online) Probability distribution of fidelity for
the ground Bell state when each of the four two-photon Rabi
frequencies in pulse 3 obeys a uniform distribution in [1 −
ǫ, 1 + ǫ]Ω, where ǫ = 0.1 (0.2) for the empty circle and dot.
we introduce new basis states
|U±〉 ≡
[
eiφ
B | ⇑↑〉 ± eiφA | ↑⇑〉
]
/
√
2,
|D±〉 ≡
[
eiφB | ⇓↓〉 ± eiφA | ↓⇓〉] /√2. (D4)
Then it is easily seen that only states |U+〉 and |D+〉
are coupled with entangled Rydberg state |r+〉, while the
other two states |U−〉 and |D−〉 are decoupled from |r+〉
when the Rabi frequencies satisfy Ω ≡ ΩA = ΩA = ΩB =
ΩB. The states |U+〉 and |D+〉 are further coupled to the
ground states |↓↑〉 and |↑↓〉. If we define the basis states
|Φ±〉 ≡
[
ei(φA+φ
B)| ↓↑〉 ± ei(φA+φB)| ↑↓〉
]
/
√
2,(D5)
it is easy to show that only the state |Φ+〉 is coupled with
|U+〉 and |D+〉. Hence only four states |r+〉, |U+〉, |D+〉
and |Φ+〉 interact during pulse 3. When atom A is ex-
cited by four sets of light fields, each in the diamond-
shaped configuration, we can have φA = φ
A; similarly
for atom B. In this case, |g±〉 = |Φ±〉, up to over-
all phase, and we create a ground Bell state |g+〉. We
henceforth assume that φA = φ
A and φB = φ
B are satis-
fied, which justifies neglecting these phases in the main
text for simplicity. The main practical difficulty is to
set all four Rabi frequencies in Eq. (D2) or (D3) equal
to each other. In order to show that the method pro-
posed above is robust against dispersion in the Rabi fre-
quencies, we numerically simulate the system evolution
by independently varying ΩA,Ω
A,ΩB and Ω
B among the
interval [1 − ǫ, 1 + ǫ]Ω (i.e., each Rabi frequency obeys
a uniform distribution) for pulse 3, with Ω =
√
V+V−,
τ2 = (
√
2π/Ω)
[
1− (V+/Ω)2
]
, and τ3 = π/Ω. By per-
forming 105 such simulations, we find that almost all fi-
delities are larger than 95% (85%) for ǫ = 0.1 (0.2), as
shown in Fig. 7. We note that an almost identical ro-
bustness holds for the fidelity of preparation of |Φ+〉, as
opposed to |g+〉, in the case where the phases φA, φA, φB
and φB in Eq. (D3) are chosen randomly.
Appendix E: Entanglement of atomic chains
In this section we describe in detail the entanglement of
a one-dimensional chain of 4 and 6 atoms separated by a
distance L = 15µm. We consider the following Rydberg
target states: n1 = 73, l1 = 0 and n2 = 75, l2 = 0.
The relevant Rydberg interaction between two nearest-
neighboring atoms is characterized by the spin-exchange
process:
V+/(2π) ≈ 5kHz, V−/(2π) ≈ 700kHz. (E1)
The strongest blockade interaction for non-neighboring
atoms is
V
(73,75)
1 (1, 1)/(2π) = V
(73,75)
1 (4, 4)/(2π) ≈ 0.7kHz.(E2)
This means we can safely ignore the blockade effect due
to multiple Rydberg excitations in the chain. Since the
first and second steps in the entangling protocol shown
in the main text is simply the entanglement between two
nearest neighbors, here we focus on the third and fourth
steps.
1. Entanglement among 4 atoms
Here we consider a system consisting of only four atoms
A1, B1, C1, D1,
as an example. The pumping for step 1 and 2 follow as
A1, B1
Step 1: pairwise entanglement−−−−−−−−−−−−−−−−−−−→ |g+〉,
C1, D1
Step 2: pairwise entanglement−−−−−−−−−−−−−−−−−−−→ |g+〉,
while step 3 is
B1, C1
Step 3: SWAP-gate−−−−−−−−−−−−→ B1, C1 become entangled.
Here pulse 1, 2, 3 and 4, 5, 6 are exactly the same as the
three pulses in the main text. To illustrate the physics
in step 3, we first write out the state after step 2 (here
we assume perfect creation of ground Bell state for step
1 and 2),
1
2
(| ↑↓〉+ | ↓↑〉)A1,B1 ⊗ (| ↑↓〉+ | ↓↑〉)C1,D1 ,
then the two π pulses and 2π pulse of step 3 have the
effect
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Two two-photon Rabi processes via 5P, 6P states of atom C1, T1 =
π
Ω
, reaching n = 73 Rydberg state
pulse 7−−−−→ 1
2
(| ↑↓〉+ | ↓↑〉)A1,B1 ⊗ (| ⇓↓〉+ | ⇑↑〉)C1,D1 =
1
2
(| ↑↓⇑↑〉+ | ↓↑⇓↓〉+ | ↑↓⇓↓〉+ | ↓↑⇑↑〉)A1,B1,C1,D1 ,
Two two-photon Rabi processes via 5P, 6P states of atom B1, T2 ≈ 2π
Ω
, using n = 75 Rydberg state
pulse 8−−−−→ 1
2
(| ↑↓⇑↑〉+ | ↓↑⇓↓〉 − | ↑↑⇑↓〉 − | ↓↓⇓↑〉)A1,B1,C1,D1 ,
Two two-photon Rabi processes via 5P, 6P states of atom C1, T3 =
π
Ω
, depopulating n = 73 Rydberg state
pulse 9−−−−→ 1
2
(| ↑↓↓↑〉+ | ↓↑↑↓〉 − | ↑↑↓↓〉 − | ↓↓↑↑〉)A1,B1,C1,D1 . (E3)
where we assume that the state | ↓⇑〉B1,C1 can not be
excited to state | ⇑⇑〉B1,C1 (similar for the other state
| ↑⇓〉B1,C1) during pulse 8, simply because (the value is
for two nearest-neighboring atoms)
V
(73,75)
1 (1, 1)/(2π) = V
(73,75)
1 (4, 4)/(2π) ≈ 0.5MHz,
is much larger than any other rates in the model. Here
we have labeled the two Rabi frequencies ΩA,Ω
A during
pulse 7 and 9, and ΩB,Ω
B during pulse 8 as Ω. Pulse
7 and 9 are simply π pulses. To understand the 2π
pulse (i.e., pulse 8) above, let us write the Hamiltonian
Hˆ
(1)
Pulse 8 =
1
2
√
2


0 0 Ωeiφ −Ωeiφ
0 0 Ωeiφ Ωeiφ
Ωe−iφ Ωe−iφ 2
√
2V+ 0
−Ωe−iφ Ωe−iφ 0 2√2V−

 ,
(E4)
where the basis vectors are |↑⇑〉B1,C1 , |↓⇓〉B1,C1 ,
|r+〉B1,C1 and |r−〉B1,C1, and φ is similar to φB = φB
in the main text. To have an analytical result, we ne-
glect the population on |r−〉B1,C1, and also approximate
V+ ≈ 0, then we have
| ↓⇓〉 2pi pulse with Rabi frequency Ω−−−−−−−−−−−−−−−−−−−−→ −| ↑⇑〉,
| ↑⇑〉 2pi pulse with Rabi frequency Ω−−−−−−−−−−−−−−−−−−−−→ −| ↓⇓〉. (E5)
From Eq. (E3), it is clear that in the computation ba-
sis | ↑↑〉, | ↑↓〉, | ↓↑〉, | ↓↓〉, we have simply realized
a SWAP-like gate that can be represented by the ma-
trix (taking into account the π-phase on each basis state
due to optical excitation of pulse 7 and 9 on atom C1)
SWAP =


−1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 −1

 , (E6)
which is very similar to a SWAP gate, up to a π phase
change on the basis states | ↑↓〉, | ↓↑〉 relative to the
basis states | ↑↑〉, | ↓↓〉.
Here, the Rabi frequencies in pulse 7 and pulse 9 are
only limited by the available laser, since there is one (ap-
proximately one) Rydberg excitation during pulse 7 (9).
However, we shall use typical Rabi frequency
√
V+V−
during pulse 8. By choosing Ω = 89kHz and pulse du-
ration tpulse8 = 11.12µs, we numerically solve the state
evolution by Eq. (E4) and find that pulse 8 can trans-
form from state |↑⇑〉 to state |↓⇓〉B1,C1 with a fidelity
F↓↑ = 96.649% (the remaining population is mainly in
| ↓⇓〉), as shown in Fig. 8. Following pulse 8, pulse 9
shall be a π pulse transferring |↓⇓〉B1,C1 back to | ↑↓〉,
although pulse 9 will also transfer ∼ √0.033| ↓⇓〉 back to
and up from | ↓↑〉. Neglecting population on |↓⇓〉B1,C1 ,
then pulses 7,8 and 9 have the following property,
| ↓↑〉 pi−−−−−→
atomC1
−i| ↓⇓〉 2pi−−−−−→
atomB1
i| ↑⇑〉 pi−−−−−→
atomC1
| ↑↓〉,
| ↑↓〉 pi−−−−−→
atomC1
−i| ↑⇑〉 2pi−−−−−→
atomB1
i| ↓⇓〉 pi−−−−−→
atomC1
| ↓↑〉,
where pulse 7 and 9 can be ideal π pulses. To find the
fidelity of the gate through pulse 7 to pulse 9, we shall
also study state evolution of | ↑↑〉, | ↓↓〉. Choosing initial
state | ↑↑〉, then pulse 8 have the Hamiltonian beginning
with state −i| ↑⇓〉
Hˆ
(2)
Pulse 8 =
(
0 12Ωe
iφ(B1)
1
2Ωe
iφ(B1) V73,75(4, 4)
)
, (E7)
which gives us a population of F↑↑ = 99.976% on state
| ↑⇓〉 at the end of pulse 8 with Ω = 89kHz. Note that
pulse 9 can ideally transfer this state back to | ↑↑〉 in
MHz rate. Then the fidelity of the SWAP-like gate is
FSWAP ≡ 1
4
(F↑↓ + F↓↑ + F↑↑ + F↓↓) = 98.31%. (E8)
2. Entanglement among 6 atoms
A minimal model to illustrate global entanglement of
4N atoms can be shown by a system consisting of only
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FIG. 8: (Color online) State evolution starting from | ↑⇑〉.
The (red) solid, (blue) dashed, (green) dotted, and (magenta)
dash-dotted curves represent population on state |↑⇑〉B1 ,C1 ,
|↓⇓〉B1,C1 , |r+〉B1,C1 and |r−〉B1,C1 , respectively. Here Ω =
89kHz. At the end of pulse duration tpulse8 = 11.12µs (this
duration is 0.12µs shorter than 2π/Ω), |〈Ψ| ↓⇓〉B1,C1 |
2 =
96.649%.
six atoms. In order to characterize the entanglement, we
consider a system consisting of the following six atoms
A1, B1, C1, D1, A2, B2, (E9)
as an example. The pumping for step 1 and 2 follows as
A1, B1; A2, B2
Step 1: pairwise entanglement−−−−−−−−−−−−−−−−−−−→ |g+〉 ⊗ |g+〉,
C1, D1
Step 2: pairwise entanglement−−−−−−−−−−−−−−−−−−−→ |g+〉,
while step 3 and step 4 are
B1, C1
Step 3: SWAP-gate−−−−−−−−−−−−−→ B1, C1 become entangled,
D1, A2
Step 4: SWAP-gate−−−−−−−−−−−−−→ D1, A2 become entangled.
After step 3, we have a state in Eq. (E3) for
A1, B1, C1, D1. To illustrate the physics in step
4, we first write out the state after step 3 (here we as-
sume perfect creation of ground Bell state for step 1 and
2, and entanglement in step 3),
1
2
√
2
(| ↑↓↓↑〉+ | ↓↑↑↓〉 − | ↑↑↓↓〉 − | ↓↓↑↑〉)A1,B1,C1,D1
⊗ (| ↑↓〉+ | ↓↑〉)A2,B2 .
The pulse in this final step is exactly the same as in
Eq. (E3).
Two two-photon Rabi processes via 5P, 6P states of atom A2, T1 =
π
Ω
, reaching n = 73 Rydberg state
pulse 10−−−−−→ 1
2
√
2
[(| ↑↓↓〉 − | ↓↓↑〉) | ↑〉+ (| ↓↑↑〉 − | ↑↑↓〉) | ↓〉]A1,B1,C1,D1 ⊗ (| ⇓↓〉+ | ⇑↑〉)A2,B2
=
1
2
√
2
[(| ↑↓↓〉 − | ↓↓↑〉) | ↑⇓↓〉+ (| ↓↑↑〉 − | ↑↑↓〉) | ↓⇓↓〉+ (| ↑↓↓〉 − | ↓↓↑〉) | ↑⇑↑〉+ (| ↓↑↑〉 − | ↑↑↓〉) | ↓⇑↑〉] ,
Two two-photon Rabi processes via 5P, 6P states of atom D1, T2 ≈ 2π
Ω
, using n = 75 Rydberg state
pulse 11−−−−−→ 1
2
√
2
[(| ↑↓↓〉 − | ↓↓↑〉) | ↑⇓↓〉 − (| ↓↑↑〉 − | ↑↑↓〉) | ↑⇑↓〉 − (| ↑↓↓〉 − | ↓↓↑〉) | ↓⇓↑〉+ (| ↓↑↑〉 − | ↑↑↓〉) | ↓⇑↑〉] ,
Two two-photon Rabi processes via 5P, 6P states of atom A2, T3 =
π
Ω
, depopulating n = 73 Rydberg state
pulse 12−−−−−→ 1
2
√
2
[(| ↑↓↓〉 − | ↓↓↑〉) | ↑↑↓〉 − (| ↓↑↑〉 − | ↑↑↓〉) | ↑↓↓〉 − (| ↑↓↓〉 − | ↓↓↑〉) | ↓↑↑〉+ (| ↓↑↑〉 − | ↑↑↓〉) | ↓↓↑〉]
=
1
2
√
2
[
(| ↑↓↓〉 − | ↓↓↑〉)A1,B1,C1 (| ↑↑↓〉 − | ↓↑↑〉)D1,A2,B2 + (| ↓↑↑〉 − | ↑↑↓〉)A1,B1,C1 (| ↓↓↑〉 − | ↑↓↓〉)D1,A2,B2
]
.
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